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H I G H L I G H T S
• Lab scale experiments were conducted to understand elastic wave propagation in seismic metamaterials.
• Finite element models for wave propagation analysis were validated against the experiments.
• Multi-layered seismic metamaterials can attenuate surface waves by confining wave energy.
• Broadband cut-off band gaps up to 7.2 Hz were predicted in the multilayered seismic metamaterials.
G R A P H I C A L A B S T R A C T a b s t r a c t a r t i c l e i n f o

Introduction
Undesired mechanical vibrations arising from ground transportation, use of machinery in construction sites and low-amplitude earthquakes not only cause disruptions, but also have adverse health, social, and economic impacts. A rich low-frequency dynamics environment is abundant in metropolitan areas with high-density population and high capacity of motorways and railways. As such, serious potential health effects are induced due to the increased noise and vibration. For example, early small-scale laboratory investigation has shown that a combination of noise and vibration induced by heavy road traffic can cause significant sleep disturbances [1] . In addition to these apparent disturbances, ground vibrations and low amplitude seismic waves affect the proper operation of highly sensitive instruments, which are often employed in scientific research laboratories and high-tech industries. Technical and environmental challenges are now particularly addressed in the new built environment to tackle noise and ground motion. Many vibration mitigation approaches have been proposed to mitigate or eliminate the effects of vibration on infrastructures and facilities. Among those, passive vibration isolation solutions have attracted a significant amount of interest. For example, open or filled trenches [2] [3] [4] and large volume concrete piles [5] [6] [7] [8] [9] are often employed as wave barriers in engineering practice. Open/filled trenches are designed to interrupt the wave propagation path and hence mitigate mechanical vibrations for shallow structures. Concrete piles have been recently exploited as a new vibration mitigation approach for deep structures since they are immune to the influence of high groundwater level and can also enhance the ground load capacity. Experimental studies have validated the effectiveness of pile barriers to reduce structural vibrations subjected to ground vibration [9] . Though these vibration mitigation approaches have been widely adopted in current engineering practice, a quantitative understanding of the effectiveness at target frequency ranges is still not completely reached yet.
Recent studies have shown that phononic metamaterials, which are rationally designed multiscale material systems, can manipulate propagating mechanical waves, and therefore offer new solutions to effectively control noise and vibrations [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The intrinsic periodic array nature of phononic metamaterials leads to the modification of phonon dispersion relations and the possibility of tailoring group velocities. One of the remarkable features in phonon dispersion relations is the existence of omnidirectional band gaps, i.e. frequency ranges in which the propagation of phonons is prohibited, irrespective of the direction of the incident waves. Seismic metamaterials have been developed to make use of omnidirectional band gap properties, for minimizing undesired ground vibrations and low-amplitude seismic waves [20] [21] [22] [23] [24] [25] [26] [27] [28] . For example, two-dimensional (2D) periodic composite systems, akin to 2D phononic crystals, have been designed and been numerically shown to have the capability to attenuate ground vibrations for civil infrastructures [29] [30] [31] [32] [33] [34] . In parallel, a lab-scale experiment has been conducted to test the vibration mitigation ability of a scaled periodic foundation [35] . More recently, a large-scale seismic metamaterial composed of a periodic array of cylindrical boreholes in soil has been developed to control low amplitude surface waves [36] . In situ experiment has demonstrated that the proposed seismic metamaterial can effectively reflect incoming waves at 50 Hz, and this has also been validated by the numerical simulations. The frequency ranges of most ground transportation vibrations and seismic waves are typically below 10 Hz; this requires the use of components with large sizes and, therefore, makes the above periodic structures concepts very difficult to apply. To overcome this limitation, locally resonant seismic metamaterials with lowfrequency band gaps have been proposed [22, 25, 37, 38] . Both numerical modeling and lab-scale experiments have demonstrated that artificially designed resonator geometries can be employed to control lowfrequency vibrations. Nonetheless, these resonators typically have complex architectures and consist of multiple materials systems. Complexity and the assembly of heterogeneous materials could pose a significant challenge to build an effective seismic metamaterial at large scale in a construction site.
Here we propose a methodology to create a new class of seismic metamaterials to mitigate low-frequency surface waves (b10 Hz) occurring in ground transportation-induced low amplitude vibrations and low-amplitude seismic waves. Our design builds upon the use of multi-layered soil with different mechanical properties and takes into consideration the availability of conventional construction materials and the presence of build constraints. We first validate our design methodology by performing a lab-scale experiment on surface wave transmission in a homogenous seismic metamaterial. We then perform numerical simulations to understand the effect of soil layering on the mitigation of surface wave transmission. We also describe how the proposed design methodology could be used to create cost-effective seismic metamaterials. This work stands out as a practical design combining the usage of conventional construction materials with the broadband and ultralow frequency vibration mitigation capability.
Materials and methods
Multilayered seismic metamaterial design
Our design is inspired by the observation that multiple layers with different mechanical properties exist in the soils [39] [40] [41] (Fig. 1(a) ). We also consider the availability of conventional construction materials and real construction/building constraints; circular concrete piles are therefore considered in this work ( Fig. 1(b) ). By periodically drilling circular concrete piles into the layered soil, we obtain a new type of seismic metamaterials with a square symmetry. Depending on the pile height, the unit cells for Bloch wave analysis can be categorized into three cases ( Fig. 1(c) ) [42, 43] , which are: 1) a shallow pile within homogeneous soil; 2) a deep pile within three layers of soil, and 3) a deep pile within four layers of soil and constrained by the bottom layer. The geometric description of these unit cells is summarized in the caption of Fig. 1. 
Numerical simulations of the phononic dispersion relation and wave transmission
Here we consider in-plane surface wave propagation in the proposed three-dimensional (3D) seismic metamaterials as given by [44] :
where u is the displacement vector and ω is the angular frequency. E, ν, and ρ are the Young's modulus, the Poisson's ratio, and the density of the constituent materials, respectively. Here, the concrete piles have a modulus of 40 GPa, Poisson's ratio of 0.2, and a density of 2500 kg/m 3 [45] . Soil is a complex material with a wide range of mechanical properties [46] . Here we assume that each layer of soil has an identical Poisson's ratio of 0.3 and a density of 1800 kg/m 3 . The modulus ratio from the top layer to the bottom layer is defined as E 1 :
The phononic dispersion relations are constructed by performing eigenfrequency analyses to a unit cell. The Floquet-Bloch periodic boundary conditions are applied at the boundaries of the unit cell such that [47] :
where r is the location vector that connects corresponding points on the unit cell's boundary, a is the lattice translation vector, and k is the wave vector. The governing Eq. (1) combined with the boundary condition (2) leads to the standard eigenvalue problem:
where U is the assembled displacement vector, and K and M are the global stiffness and mass matrices assembled using standard finite element analysis procedure. The unit cell is discretized using 4-node tetrahedral elements. In our simulations, we have used a discretization of 10 elements for the minimum wavelength [48, 49] . Eq. (3) is then numerically solved by imposing the two components of the wave vectors and hence calculates the corresponding eigenfrequencies. The phonon dispersion relations are obtained by scanning the wave vectors in the first irreducible Brillouin zone of the square lattice [50] . The dynamic response of the proposed seismic metamaterials under both longitudinal and transverse wave excitations was calculated by performing frequency domain analyses. Perfectly matched layers (PMLs) are applied at the two ends of the homogeneous parts to prevent reflections by scattering waves from the domain boundaries [51, 52] . The PMLs have the same dimensions as the unit cell. Homogenous parts having the same width and height, but a length twice that of the unit cell are positioned between the seismic metamaterials and the PMLs themselves. Soil properties are assigned to both PMLs and the homogeneous parts. To model the elastic wave propagation in the seismic metamaterials, a low-amplitude harmonic displacement is applied to the surface between the PML and the homogeneous part on the left-hand side. Here we have again used a discretization of 10 elements for minimum wavelength. It should be pointed out that the artificially applied PMLs could lead to unphysical wave modes such as radiative regions, leading to the misrepresentations of the wave attenuation properties of the proposed seismic metamaterials [53] . In this sense, a detailed sound cone analysis of the dispersion relations should be performed to identify real propagating surface waves, bulk modes, and leaky surface modes. The simulations in this work are however focused on bulk wave attenuation at the lowest frequency range, i.e., the cut-off band gaps, while most of the radiative regions lie in the higher frequency bands. Therefore, a detailed sound cone analysis is out of the scope of current theme pursued in this paper.
Lab-scale experimental setup and low-amplitude wave transmission testing
Experiments were performed on a finite-size seismic metamaterial composed of sand and 3 × 5 steel cylinders with a diameter of 7.7 cm. The cylinders are arranged with a square lattice symmetry and the lattice constant is set as 10 cm and the depth of the seismic metamaterial is 20 cm. The steel cylinder has a modulus of 210 GPa, Poisson's ratio of 0.3, and a density of 7850 kg/m 3 . The sand has a modulus of 6 MPa,
Poisson's ratio of 0.3, and a density of 1600 kg/m 3 [46] . The experimental setup is shown in Fig. 2 (a) and sketched in Fig. 2 (b). The sample is housed in a steel container with a soft cushion at two sides reducing wave reflection. An electromagnetic shaker (SENTEK VT-1000, Sentek Dynamics) is connected to the movable plate at one end of the container to provide excitation by simulating ground motion. The excitation signal is sinusoidal with a sweeping frequency between 100 Hz and 600 Hz, and constant amplitude. A Spider 80× dynamic analyzer (Crystal Instruments) is used to control and monitor the experiment. The input signal to the shaker is generated by the dynamic analyzer and then amplified by a power amplifier (HAS 4051, NF Corporation). Two accelerometers have been used to capture the input and output acceleration signals (PCB 356A17). One accelerometer is directly attached to the shaker and the other is mounted on the far end plate of the sample. The transfer function from the input to the output has been then computed.
Results and discussions
Experimental validation of numerical models
To validate the proposed seismic metamaterial design concept, we have performed a lab-scale experiment on the elastic bulk wave transmission and calculated the corresponding phononic dispersion relation. As shown in Fig. 2(c) , five omnidirectional band gaps are predicted by our numerical simulations. Destructive interferences are responsible for the formation of these band gaps, as this seismic metamaterial configuration is akin to a conventional 2D phononic crystal. The largest partial wave band gap along the ΓX direction (gray shaded area) lies between 261 Hz and 393 Hz, which closely match the attenuation zone in the measured transmission spectrum (Fig. 2(d) ). This direct comparison indicates that our numerical modeling approach can Here h j i is the height of the jth layer of the unit cell type i; a is the lattice constant of the seismic metamaterials. Type I is the seismic metamaterial with homogeneous soil; type II with three layers of soil, and type III has four layers of soil and constrained by the bottom layer. For the unit cell with multi-layered soil, the modulus ratio from the top layer to the bottom layer is defined as E 1 :
predict well the wave attenuation phenomenon in the proposed seismic metamaterial design concept. In addition to the seismic metamaterials with a square lattice symmetry studied here, we have also numerically and experimentally investigated the wave attenuation capability of seismic metamaterials with a triangular lattice symmetry. Our results indicate that with the same pile dimensions and lattice constants, the triangular metamaterial provides a relative larger and higher frequency band gaps, however it requires a higher volume fraction of piles. Since the objective of this work is to propose a seismic metamaterial configuration with low-frequency band gaps and low costs, we have limited our experimental and numerical work to the configuration with a square lattice symmetry. Although the lab-scale experiment demonstrates the vibration mitigation capability of the proposed seismic metamaterial, it is, however, impracticable to use steel piles with such a large volume fraction (~50%) because of cost-effectiveness and construction constraints. Our previous work, however, implies that a large volume fraction and a mechanical impedance mismatch are essential to generate wide omnidirectional band gaps [54] . These conflicting design requirements motive us to search for new methodologies to improve the current metamaterial configuration, while also considering the availability of conventional construction materials, their cost-effectiveness, and manufacturing limitations. In the following, we will systematically investigate the wave attenuation capability of the improved seismic metamaterials composed of multi-layered soil and conventional circular concrete piles.
Multilayered seismic metamaterials for vibration mitigation
Having shown that the proposed seismic metamaterials can attenuate surface waves, we now proceed to numerically examine the effect of a layered configuration of the soil on the wave propagation. Here we limit the height of the proposed seismic metamaterials to 6 m and 18 m, which are shallow for large scale structures, but still applicable to most infrastructures such as foundations of oil tanks and nuclear power plants. To differentiate the effect of pile height and the associated layered feature, we definite the seismic metamaterials with a height of 6 m as shallow seismic metamaterials, while the ones with a height of 18 m as deep seismic metamaterials. We start with shallow seismic metamaterials with a lattice constant of 3 m. The periodically arranged concrete piles have a height of 6 m and a radius of 1.2 m, leading to a unit cell with 50% volume fraction of concrete pile. The unit cell consists of three different layers of soil with a stiffness contrast of E 1 : E 2 : E 3 = 1 : 20 : 400, where the second layer of soil has a Young's modulus of 20 MPa. Though this sharp stiffness contrast among different soil layers is uncommon in engineering practice, this specific soil stratification can be realized by replacing the soil with the desired mechanical properties. For the purpose of a fair comparison, the unit cell with a homogenous soil is also evaluated. An omnidirectional band gap ranging between 26 Hz and 29 Hz is observed in the dispersion relation of the homogenous seismic metamaterial (Fig. 3(a) ). The global vibrational modes at the high symmetry points A and B indicate that destructive interferences (Bragg scattering) are responsible for the wave attenuation. The incoming wave with a frequency inside this band gap will be reflected by the homogeneous seismic metamaterial (Fig. 3(c) ). Though an omnidirectional band gap exists, the frequency range and width are still insufficient for ground transportation induced vibrations and low amplitude seismic waves. In contrast to the homogenous seismic metamaterial, the layered seismic metamaterial displays two partial band gaps along the XM direction (Fig. 3(b) ). These band gaps all lie below 10 Hz, which is of particular interest for the low-frequency vibration control. The vibrational modes at the high symmetry points C and D are different from those in the homogenous seismic metamaterials. Instead of reflecting the wave energy elsewhere, the layered seismic metamaterials appear to trap the wave energy, while no vibration can be observed in other layers (Fig. 3(d) ). This vibration energy distribution in the layered seismic metamaterial is expected since the partial band gaps are bounded by flat bands with a zero-group velocity. Physically, these vibrational modes correspond to local resonances, which intrinsically arise from the multi-layered characteristic of the soil.
We then study the surface wave propagation in the relatively deep layered seismic metamaterial. Here the height of the seismic metamaterial is increased to 18 m while the lattice constant and pile radius are the same as those of the above shallow seismic metamaterial. The unit cell has four layers of soil, where the top three layers are the same as the shallow seismic metamaterials and the bottom layer is bedrock. Different from the previous shallow seismic metamaterial configurations, we assume here that the bottom of the seismic metamaterial is fully clamped due to the strong constraint imposed by the bedrock. Fig. 4(a) and (b) show the phononic dispersion relations for homogeneous and layered seismic metamaterials with the same pile height, respectively. Similar to the shallow seismic metamaterial, an omnidirectional band gap still exists for the homogeneous seismic metamaterial configuration, and multiple partial band gaps also emerge for the layered seismic metamaterial. The eigenmodes (A and B) at the band edges for the former case suggest that Bragg scatterings are responsible for this omnidirectional band gap, while local resonances are responsible for the multiple partial band gaps, as evidenced by the flat bands and confined wave energy in the soft layer (C and D). The most pronounced phenomenon in the dispersion relations for these two seismic metamaterials is the emergence of cut-off band gaps, as shown in the gray shaded areas in Fig. 4 (a) and (b). Incident waves within these cut-off band gaps are fully suppressed (Fig. 4(c) and (d) ). This remarkable feature arises from the artificially imposed boundary condition, which can be readily realized by drilling deep piles into bedrocks (when available or when artificially made). A similar phononic band gap property has been reported in structured soils modeled as a fully elastic layer periodically clamped to bedrock [21] . The cut-off band gaps reported in this work are generated by the strong constraint existing between pile and bedrock. In addition to this remarkable wave feature, we will show in the rest of the paper that the multi-layered soil feature of the proposed seismic metamaterials will enable us to tune elastic wave band gaps. We have numerically demonstrated the surface wave attenuation capability of both shallow and deep layered seismic metamaterials. The shallow seismic configurations exhibit purely locally resonant band gaps, while the deep layered seismic metamaterials show both locally resonant and cut-off band gaps. For both cases, the wave energy can be confined in the softest layer due to the locally resonant phenomenon in the rationally designed seismic metamaterials. It should be pointed out that similar localized deformation modes have been reported in seismic metamaterials with single layered pillars [55] and phononic crystals composed of multi-layered pillars [56] [57] [58] . For example, in multi-layered pillared structures, the localized modes are generated at the interfaces between pillars and substrate, thereby coupling with surface waves and prohibiting their propagation. By contrast, the confined modes in the proposed seismic metamaterials can be easily tuned depending on the positions of the softest soil layer. Practically, this can be realized by engineering soil layering such as replacing the soil and using naturally existing multi-layered soil with stiffness contrast. In the following sections, we will evidence the robustness of the band gap properties for different combinations of soil layering and the possibility to tune these cut-off band gaps by varying the constraints between the bottom layer and the pile. Furthermore, the costeffectiveness of the deep seismic metamaterials will be evaluated by investigating the effects of the pile volume fraction and pile shapes on the cut-off band gap size.
Effect of constraint between piles and bottom layer on vibration mitigation
We have shown that layered seismic metamaterials with deep concrete piles can attenuate surface wave with ultra-low frequencies, because of the strong constraint existing between piles and bedrock. In practice, depending on the interaction between bottom soil and piles, this strongly imposed boundary condition could be mitigated. To probe this, we study the effect of foundation stiffness ranging from 10 10 to 10 6 N/m·m 3 on the cut-off band gaps evolution. As shown in Fig. 5(a) , a relatively weak constraint between soil and piles gives rise to a smaller cut-off band gap ranging between 0 and 0.97 Hz. With the increase of the foundation stiffness, the upper band of the cut-off band gap is enlarged to 4.92 Hz (Fig. 5(b) ), which is about five times as the one with the softer foundation stiffness. The relation between foundation stiffness and cut-off band gap positions for both the homogeneous and the multi-layered seismic metamaterials are summarized in Fig. 5  (c) . Initially, the cut-off band gap size increases with the foundation stiffness and then becomes insensitive to the strong constraint. These quantitative analyses also imply that by tailoring the interaction between piles and the surrounding soil one can obtain tunable vibration band gaps, depending on the target vibration frequency ranges and the geological conditions. Notably, the evolution trends of these cutoff band gaps are almost the same for different combinations of soil layering, indicating the robustness of these band gaps and versatility of the proposed design.
Effect of pile volume fraction and pile shape on the vibration mitigation
The proposed deep seismic metamaterial composed of layered soil and circular concrete piles exhibits ultra-low frequency vibration control capability, which can be tuned by the foundation stiffness. In addition to altering the soil features, the volume fraction and shape of the pile are also critical in terms of the cost-effectiveness, because they are related to the use, volume, and logistics of the built environment. We first examine the effect of the deep pile volume fraction on the cut-off band gap evolution. As shown in Fig. 6(a) , a cut-off band gap ranging from 0 to 2.5 Hz occurs for a relatively low volume fraction of concrete piles (20%). For a large volume fraction of concrete piles (70%), the cutoff band gap size is enlarged to 7 Hz (Fig. 6(b) ). An almost linear relation between volume fraction and the cut-off band gap is summarized for both homogeneous and layered seismic metamaterials in Fig. 6(c) . This analysis implies that by reducing the volume fraction of the concrete pile one could decrease the frequency range for vibration control.
To highlight the possibility that the proposed seismic metamaterials can reduce the use of concrete in the built environment, here we introduce hollow concrete piles and investigate the effect of the hollow pile radius on the cut-off band gap size. By gradually increasing the hollow pile radius from r/R = 0.1 to r/R = 0.8(R = 1.2m), the cut-off band gap sizes are almost the same for the seismic metamaterials with different combinations of soil layering (Fig. 7) . A further increase of the hollow radius leads to a negligible reduction on the cut-off band gaps size. Remarkably, the volume fraction of the concrete pile has been reduced from 50% to 9.4%; this clearly indicates that hollow concrete piles could be a cost-effective seismic metamaterial. It is interesting to note that the advantage of the hollow pile configurations has been numerically and experimentally reported in sound insulation and sound reflection measurements [59] .
Conclusions
In summary, through an integrative experimental and numerical effort, we have demonstrated a new design methodology to create seismic metamaterials for low-frequency mechanical vibration mitigation. Our lab-scale experiments not only validated our computational models for wave propagation in 3D metamaterials, but also offer implications for subsequent large-scale and in-situ deployment of the proposed seismic metamaterials. The key aspect of this design of the seismic metamaterials is to consider the characteristics of multi-layered soils. Because of this multi-layered feature, the wave energy can be localized and steered out in the soft layer for shallow seismic metamaterials. For deep layered seismic metamaterials, in addition to the existence of omnidirectional band gaps, wide cut-off band gaps are observed, which offer unprecedented opportunities for ultra-low frequency vibration control. Furthermore, these cut-off band gaps can be tuned by tailoring the constraint between piles and the surrounding soil and the volume fraction of the solid piles. Quite importantly, we demonstrate that by introducing hollow piles into the multi-layered soil, one can achieve almost constant cut-off band gaps for the significantly-reduced volume fraction of the concrete pile. The design concept proposed here provides new insights into the development of seismic metamaterials to protect emergent structures from low-frequency vibrations and could find a wide range of engineering applications. For example, the shallow layered seismic metamaterials reported here can find applications in shallow foundations used in supporting various machinery. By using deep layered seismic metamaterials, one can protect deep structures such as oil tank, nuclear power plants, fracking sites, and civil infrastructures from low-frequency surface waves from low-amplitude earthquakes. More investigation can be conducted to reveal the effect of soil viscoelasticity on the vibration mitigation capability of the proposed multilayered seismic metamaterials.
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